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1. Introduction

One of the major concerns in designing composite plates is their susceptibility to dynamic loads.
These dynamic loads can cause severe damage in composite plates, such as matrix cracking, fibre
cracking and delaminating. An understanding of the behaviour of composite plates under
dynamic loading is, therefore, essential.

Ghosh and Dey [1,2] have presented a formulation based on higher-order shear deformation
theory using 4-noded element for the static and free vibration analysis of laminated composite
plates. A formulation based on higher-order shear deformation theory using 9-noded Lagrangean
element is given by Kant et al. [3,4], wherein the effects of consistent diagonal mass matrix, time
step and finite element mesh are investigated and the results for multi-layer unsymmetric
laminates are presented. Transient analysis of layered anisotropic plates is investigated by
Reddy [5] using a shear deformable finite element based on first-order shear deformation theory in
which parametric effects of time step, lamination schemes, etc. on the transient response are
brought out.

Even though a good amount of literature [6–12] is available on dynamic analysis of laminated
composites using different elements and shear deformation theories giving specific examples, a
detailed study on the effects of various parameters on the dynamic behaviour as well as the
frequency response of laminated composites is not available in the literature. Higher-order
shear deformation theory is required to get acceptable results, especially in the case of thick
plates. But, results for dynamic analysis of laminated plates, based on a higher-order shear
deformation theory, are not available in literature. This paper presents some results of the
dynamic analysis of laminated plates, using higher-order shear deformation theory, which can be
used as benchmark solutions. A parametric study is also done and the results are presented in
subsequent sections.
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2. Finite element formulation

A 4-noded non-conforming element with seven degrees of freedom per node, viz., u0; v0; w0;
@w0=@x; @w0=@y; yx and yy; based on higher-order shear deformation theory, is used for the
analysis. This theory assumes a parabolic variation of transverse shear strains across the
thickness, and satisfies the condition of zero transverse shear stresses at top and bottom surfaces
of the plate. Use of the shear correction factor is not necessary in this case.

The governing equation of motion for a system subjected to external time-varying loads is
expressed as

½M�f .dðtÞg þ ½C�f ’dðtÞg þ ½K �fdðtÞg ¼ fRðtÞg: ð1Þ

Detailed formulation for the development of stiffness matrix, ½K �; is given by Ghosh and Dey [1].
The mass matrix, ½M�; is assembled from element mass matrices which are developed by a
modified scheme of lumping, called HRZ lumping scheme, producing a diagonal mass matrix.
Various steps involved in the development of mass matrix are given by Ghosh and Dey [2]. The
effect of damping in the system is taken into account by means of damping matrices. It is difficult
to determine the element damping parameters for general finite element assemblages, as the
damping parameters are frequency dependent. Hence, in general, damping matrix, ½C�; is not
assembled from the element damping matrices. Damping is generally expressed in terms of
damping ratios rather than by means of an explicit damping matrix. Transient analysis, which
involves the determination of time-wise history of displacements and stresses in a structure under
the action of external time-varying loads, is done by adopting mode superposition method.
Accordingly,

½ %C� ¼ ½F�T½C�½F�
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since ½C�=½Ccr� ¼ ½x�; the damping ratio, ½Ccr� ¼ ½2Miioi�; ½F�T½M�½F� ¼ ½I �; the unit matrix and ½F�;
the modal matrix. The equilibrium equation corresponding to the generalized displacements may
be expressed as

f .XiðtÞg þ 2oixif ’XiðtÞg þ o2
i fXiðtÞg ¼ f %RiðtÞg: ð2Þ

Eq. (2) can be easily solved by any of the direct integration methods and Wilson-y time
integration technique [13] is used in the present study. Subspace iteration technique [13] is used to
extract the eigenvalues and eigenvectors.

3. Transient analysis

The analysis of composite plates is done by using 2
 2 and 3
 3 Gauss integration for the
evaluation of stiffness and mass terms respectively employing 16
 16 mesh division for full plate.
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The effects of various parameters like damping ratio, width-to-thickness ratio, material
anisotropy, fibre orientation, number of layers and aspect ratio on the dynamic response is
studied by analyzing plates having the following geometry and material properties.
a ¼ b ¼ 25 cm, E2 ¼ 2:1
 106 N/cm2, E1=E2 ¼ 25; n12 ¼ 0:25; G12 ¼ G13 ¼ 0:5E2; G23 ¼ 0:2E2;
r ¼ 8
 10�6 N s2/cm4. In all cases, the plates are assumed to be simply supported on all edges. A
suddenly applied non-dimensional uniform load, Q ¼ qb4=ðE2h4Þ ¼ 10; is considered for the
analysis. In all cases a time step of 5ms is used.

(i) Effect of damping: To study the effect of damping, a square simply supported 4-layer cross-
ply (0/90/90/0) laminate with b=h ¼ 10 and different percentages of damping is considered and the
results are presented in Fig. 1. The amplitude of vibration is found to decay fast with increase in
percentage damping. It is seen that for low percentages of damping (1%) the amplitude decays
almost linearly with respect to time. As the percentage of damping increases, the amplitude of
vibration decays exponentially. It is also observed that it takes certain time to respond and hence
the increase in damping ratio does not reduce the response proportionately during the initial
period of time. The value of logarithmic decrement is found to agree with the assumed damping
ratio in all the three cases, which confirms the correctness of the procedure.

(ii) Effect of width-to-thickness ratio: The central displacement response for 4-layer symmetric
cross-ply laminate with different width-to-thickness ratios is presented in Fig. 2. From this figure,
it is seen that the amplitude of vibration decreases at a very fast rate with increase in plate width-
to-thickness ratio in the thick plate range (b=ho20), the decrease is at a very small rate in the thin
plate range (b=h > 20). This implies that the effect of transverse shear is significant for b=hp20:
Moreover, the load applied being non-dimensional, thick plates are subjected to heavier loads
compared to thin plates. Similar variation is observed for normal stresses also because the stresses
are evaluated from displacements. The variation of transverse shear stress (tyz) for different b=h
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Fig. 1. Effect of damping on central displacement response of a square simply supported plate (0/90/90/0, b=h ¼ 10):

—— 1% damping, - - - 5% damping, – – – 10% damping.

S. Latheswary et al. / Journal of Sound and Vibration 270 (2004) 417–426 419



ratios is given in Fig. 3 and the behaviour is same as that of deflection. Similar behaviour is
observed in the case of angle-ply laminates also.

(iii) Effect of material anisotropy: The displacement history for a 3-layer cross-ply (0/90/0)
laminate with b=h ¼ 10 is shown in Fig. 4. The increase in the value of E1=E2 ratio from 5 to 40,
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Fig. 2. Effect of width-to-thickness ratio on central displacement response of a square simply supported plate (0/90/90/0):

—%— b=h ¼ 5; —m— b=h ¼ 10; —+— b=h ¼ 20; —— b=h ¼ 50; - - - b=h ¼ 100:
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Fig. 3. Effect of width-to-thickness ratio on the transverse shear stress (tyz) response of a square simply supported plate

(0/90/90/0): – – – b=h ¼ 5; - - - b=h ¼ 10; —— b=h ¼ 20:
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keeping E2 the same, causes a reduction in the displacement response. This is expected because
increase in E1 means increase in stiffness of the plate. Frequency of vibration also increases as
E1=E2 increases, because of the increase in stiffness. A similar behaviour is observed in stress
response also.

(iv) Effect of fibre orientation: The dynamic response of a 4-layer laminate with the angle of
orientation varying from 0� to 45� is given in Fig. 5 for symmetric (a=� a=� a=a) arrangement of
layers with b=h ¼ 20: A similar behaviour is observed for antisymmetric (a=� a=a=� a)
arrangement also. In both cases, it is seen that the displacement decreases with increase in fibre
orientation angle, the minimum being for 45�. This is because of the change in stiffness caused by
change in fibre orientation. It is also observed that the peak response occurs at different times, for
different fibre orientation angles. This is due to the change in frequency, following a change in
stiffness. Moreover, the displacement is less for antisymmetric arrangement than symmetric
arrangement. It is observed that the stresses are also minimum for a ¼ 45�:

(v) Effect of number of layers: Cross-ply and angle-ply laminates of width-to-thickness ratio 10,
with symmetric and antisymmetric arrangement, are analyzed to study the effect of number of
layers. The displacement response for antisymmetric cross-ply laminates is shown in Fig. 6. Other
results are not presented for the sake of brevity. From the figure, it is seen that the amplitude of
vibration decreases with increase in number of layers. Behaviour of 2-layered plate is significantly
different from that of a multi-layered plate. Difference between the amplitudes of 4-layer plate
and 6-layer plate is very small, the decrease being negligible beyond 6 layers. This is because the
plate behaves more or less like an orthotropic plate beyond 6-layers. It is concluded that number
of layers has no appreciable effect on the amplitude of vibration for a multi-layered plate.

(vi) Effect of aspect ratio: The effect of aspect ratio on the dynamic response of a 3-layer cross-
ply (0/90/0) laminate with b=h ¼ 10 is studied by varying a=b ratio, keeping the value of b
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Fig. 4. Effect of material anisotropy on the central displacement response of a square simply supported plate (0/90/0,

b=h ¼ 10): —%— E1=E2 ¼ 5; - - - E1=E2 ¼ 10; —— E1=E2 ¼ 20; – – – E1=E2 ¼ 30; —m— E1=E2 ¼ 40:
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constant in all cases. The displacement history corresponding to various a=b ratios is given in
Fig. 7. It is seen that the displacement increases with increase in aspect ratio. This is because the
behaviour of the plate gradually changes to that of an one-dimensional structure with increase in
aspect ratio.
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Fig. 6. Effect of number of layers on the central displacement response of a square simply supported antisymmetric

laminate (b=h ¼ 10): – – – N ¼ 2; —%— N ¼ 4; - - - N ¼ 6; —— N ¼ 8:
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Fig. 5. Effect of fibre orientation angle on the central displacement response of a square simply supported plate

(a=� a=� a=a; b=h ¼ 20): – – – a ¼ 0�; - - - a ¼ 15�; —— a ¼ 30�; —m— a ¼ 45�:
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4. Frequency response

To the best of the authors’ knowledge, no published work on the frequency response of
laminated composite plates is available. To fill this gap, an attempt has been made to carry out
some investigations on the behaviour of laminated plates subjected to harmonic loading. Two-
layer cross-ply (0/90) and angle-ply (45/�45) laminates of width-to-thickness ratio 5 and 100 are
considered. The geometry and properties of the material of the plate are same as those used for the
transient analysis. The plate is subjected to a uniform load of 10N/cm2 varying harmonically with
respect to time. The response curve for the cross-ply laminate with different percentages of
damping and 15 cycles of loading is shown in Fig. 8 for b=h ¼ 5: Similar curves are obtained for
angle-ply laminates as well as thin plates. From the figure, it is clear that as the percentage of
damping increases, the resonant response decreases. It is also observed that the fibre orientation
angle and b=h ratio does not have any influence on the response curve. The convergence study on
the number of cycles of loading required to get a steady state response at resonance for the 2-layer
laminates (0/90 and 45/�45) is shown in Fig. 9 for b=h ¼ 5 and different percentages of damping.
From the figure it is evident that the number of cycles of loading required decreases with increase
in the percentage of damping. In other words, with a damping ratio of 0.02, 35 cycles of loading is
required to get a converged steady state resonant response and with a damping ratio of 0.05, 20
cycles of loading is found to be sufficient. In order to study the effect of b=h ratio on the
magnification factor at resonance, a 4-layer symmetric cross-ply (0/90/90/0) laminate is
considered. The variation of dynamic load factor at resonance is given in Fig. 10, from which
it is evident that there is only a reduction of 3% in the resonant response as the width-to-thickness
ratio increases from 5 to 20. The response is almost constant beyond b=h ¼ 20:
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Fig. 7. Effect of aspect ratio on central displacement response of a square simply supported plate (0/90/0, b=h ¼ 10):

– – – a=b ¼ 1; - - - a=b ¼ 1:4; —— a=b ¼ 1:8:
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5. Conclusions

Based on the studies conducted, the following conclusions are drawn. With increase in damping
ratio, the amplitude of vibration decays exponentially. The effect of transverse shear is significant
for width-to-thickness ratio less than or equal to 20 in the case of composite plates. The increase in
material anisotropy increases the stiffness of the plate. The stiffness of the plate being the same in
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Fig. 8. Response curve of a 2-layer square simply supported laminate (0/90, b=h ¼ 5): —— x ¼ 0%; —m— x ¼ 5%;
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both directions, the response of the plate is minimum for a fibre orientation angle of 45�. The
effect of number of layers on the transient response is negligible in multi-layered plates. The
increase in aspect ratio changes the behaviour of the plate similar to that of an one-dimensional
structure. The resonant response is not influenced by the width-to-thickness ratio and fibre
orientation angle, but depends only on the percentage of damping.
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